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Linear Algebra ... why bother?

Because linear algebra is everywhere! e o
° Optimization and Operational Research

PILE OF LINEAR ALGEBRA, THEN (COLLECT
THE ANSLIERS ON THE CTHER SIDE.

WHAT IF THE ANSIERS ARE LJRONG? J

* Statistics and Machine Learning JUST STR T PLE NTL

THEY START (OOKING RIGHT.

* (Digital) Signal Processing
* Control, System theory, Engineering, ...

Where could you find out more about it ...

°  www.youtube.com/playlist?list=P1 ZHQObOWTQDPD3MizzM2xVFitgF8hE_ab
°  https://en.wikipedia.org/wiki/Linear_algebra

°  http://www.ekof.bg.ac.rs/wp-content/uploads/2016/09/Ponavljanje-matematike-Wayne-
Winston-Operations-Research-Applications-and-Algorithms-4-edition.pdf
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Vectors and Matrices

A vector is a list of numbers:

S
* It can be a column vector or row vector _o
*  Numbers are called elements V= 903
* Dimensions are “rows x columns” (e.g., 5x1) —.01.

* Transpose operator exchanges rows and columns  vT=[1 -2 0 93 —0.1]

A Matrix is a bidimensional arrangement of numbers

a1 Qaqp A1n

A= [a ] 421 Az A2n
Ulmxn

Am1 Am2 Amn
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Vector Interpretation

1
v = XZ X
| V2]

itude = — 2 2

magnitude = [|v|| = [v; + v
: : _1[ V2 R
orientation = 8 = tan™" | — > X;
1

f ||v]| = 1 then v is a unit vector
*  Sometimes named versor J=— [”1/”””
. . . vl [v2/llvll
* Defines the direction pointed by v
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Basic Vector Operations

Sums and difference between vectors

X5 \
V1 W1
V= v, w = W,
v1+W1
v+ w=
(%) +W2
vl—Wl_
V—W=
Uy — W3

Scaling of a vector

vl a'vl
a-v=a v = la v,
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Vectors dot product (a.k.a., inner product or scalar product)

The dot/inner product is a scalar

(%1 1141
V= v, w = W,

1%
V4 Wy a
vow= ][] = vaws +vaws = Il - Iwll cos @ "

It is zero if the two vectors are orthogonal

ifv Lw, v-w =|v||lw| cosa =0
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Vectors cross product

The cross productis a vector

U=vXw

Magnitude: ||u|| = |lv X w]|| = [|v|||[|w]| sin

ulv=su-v=@Wxw) -v=0

Orientation:
ulw=u-w=@W@xw) w=0

It is zero if the two vectors are parallel

ifviw, vxw=|v|:|lw]|lsina =0

&

P
e %
T
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Matrix Basics

Given two matrices with the same shape

A=layl,, .=

Sum is defined element wise

C=A+8B =[Cij] =

mxn

ITECNICO MILANO 1863

ay1+ byq
apq1 + by

B =

ay, + by,
Ayy + by

A1+ b1 Ao + b

L -

Ayn + bin
Aypn + Doy

amn—b mn

b12 bln
b22 bZn
bmz bmn
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Matrix Multiplication

Gliven two matrixes

i1 42 A1p b1 by b1n
4= [a--] _ %21 Q22 - Azp _ _|ba1 bay ... by
P B = [bij]pxn == - -
a a a
ml m2 mp bpl bpz bpn

ai1 A4r2 Aip ||b11 bi2 b1y
ap _[%21 Q22 A2p||b21 b2z ban| _
C=4B = [aif]mxp[bif]an ol I | R el (7 W
Am1 Am2 - Ampl|bps byy ... bpy
Check the shape cij = rowl-(A)colj (B)
pattern...
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Transpose of a Matrix

Transpose swap rows and columns

— AT
men — Anxm

Cij = Qji

Some useful identities exist

(A+B)" =A" + BT
(AB)T = BTAT

A matrix is symmetric it A = A"

TECNICO MILANO 1863 matteo.matteucci@polimi.it 10



Matrix Multiplication Properties You Should Know

Indeed, might not even
match as dimensions!

Commutative property (does not hold): 4B # BA

Distributive properties (left + right): A(B+C) =AB + AC
(B+C)D =BD+CD

Product with a scalar: c(4) = (A)c

Transpose of a product: (AB)T = BTAT

Associativity: A(BC) = (AB)C

https://en.wikipedia.org/wiki/Matrix_multiplication
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https://en.wikipedia.org/wiki/Matrix_multiplication

Matrix Trace and Determinant

The determinant is computed from the element of a square matrix

A=la,;]

nxn?

det(A) = Zaiinj; i=1,...n;
j=1

Aij = (_l)Hj det(Mij) No need to bother
right now ...

det(AB)= det(A)det(B)

 Trace A= [alj]nxn; ﬂ'[A] — zajj
j=1
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Matrix Inverse

Does not exist for all matrices, necessary (but not sufficient) that
the matrix is square

AA 1 =A"1A=1|

-1
1 a —a
ALl |PIL @1 _ 22 12| et A =£ 0

[321 a2 detA |—a21 a1 |’ A7

If det A = 0, A does not have an inverse.
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Linear Independence

* A set of #-dimensional vectors x, € R®, are said
to be linearly independent if none of them can
be written as a linear combination of the others.

* In other words,
c,x, +c,x, +...+c.x, =0

iff ¢ =c¢c,=..=c,=0
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Linear Independence

* Another approach to reveal a vectors

independence 1s by graphing the vectors.

"= 2

Not linearly independent vectors Linearly independent vectors
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Span

* A span of a set of vectors Xy, Xy, ... 5 X 15 the
set of vectors that can be written as a linear
combination of Xy Xy «vv 5 X, -

kS'paw(x1 X xk): {clx1 +c,x,+...+c.x, |c.c,,....c, € ER}

2V 90
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Basis

e A basis for R™ 1s a set of vectors which:

— Spans R" | 1.e. any vector 1n this #-dimensional space
can be written as linear combination of these basis
vectors.

— Are linearly independent

* (learly, any set of 7-linearly independent vectors
form basis vectors for R™.
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Orthogonal/Orthonormal Basis

* An orthonormal basis of an a vector space [ with an mner product, 1s a set
of basis vectors whose elements are mutually orthogonal and of magnitude 1 (unit
vectors).

* Flements in an orthogonal basis do not have to be unit vectors, but must be mutually
perpendicular. It 1s easy to change the vectors i an orthogonal basis by scalar
multiples to get an orthonormal basis, and mndeed this 1s a typical way that an
orthonormal basis is constructed.

* 'Iwo vectors are orthogonal if they are perpendicular, t.e., they form a right angle, 1.e.
it their inner product is zero.

aT-b=Zaibi =0 = alb
i=l1

* 'The standard basis of the n-dimensional Euclidean space R" is an example of
orthonormal (and ordered) basis.
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Matrix Eigenvalues and Eigenvectors

A eigenvalue A\ and eigenvector u satisfies

Au = \u

where A is a square matrix.

» Multiplying u by A scales u by A

o,
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Matrix Eigenvalues and Eigenvectors

Rearranging the previous equation gives the system
Au— u=(A—\)u=0

which has a solution if and only if det(A — Al) = 0.
» The eigenvalues are the roots of this determinant which is
polynomial in A.

» Substitute the resulting eigenvalues back into Au = Au and
solve to obtain the corresponding eigenvector.
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